We show that every (continuous) faithful product system admits a (continuous) faithful nondegenerate representation. For Hilbert spaces this is equivalent to Arveson's result that every Arveson system comes from an E 0 -semigroup. We point out that for Hilbert modules this is not so. As applications we show a C * -algebra version of a result for von Neumann algebras due to Arveson and Kishimoto, and a result about existence of elementary dilations for (semi-)faithful CP-semigroups.
Introduction
Recall that a correspondence over B (or, more generally, from A to B) is a (right) Hilbert B-module with a nondegenerate left action of B (or of A) by adjointable operators. The (internal) tensor product of correspondences we denote by ⊙. The algebra of adjointable operators on a Hilbert B-module we denote by B a (E). Recall that E is full, if span E, E = B.
We say a correspondence is faithful, if its left action defines a faithful representation. For
x ∈ E, we define the mapping x * : E → B by setting x * y = x, y . The adjoint of x * is
x : b → xb. The algebra K(E) of compact operators on E is the norm completion of the algebra F(E) := span{xy * : x, y ∈ E} of finite rank operators that is spanned linearly by the rankone operators xy * : z → x y, z . Recall that for a unital homomorphism ϑ : B a (E) → B a (F) to be strict is equivalent to that the action of the compacts alone is already nondegenerate:
span ϑ(K(E))F = F. An (algebraic) product system is a family E ⊙ = E t t∈R + of correspondences E t over a C * -algebra B with a family of bilinear unitaries u s,t : E s ⊙ E t → E s+t , such that the "multiplication" defined by x s y t := u s,t (x s ⊙ y t ) is associative. Moreover, E 0 = B is the trivial correspondence over B and u 0,t and u t,0 are left and right action, respectively, of E 0 = B on E t . A product system E ⊙ is full, if each E t (t ≥ 0) is full, and E ⊙ is faithful, if each E t (t ≥ 0) is faithful.
A left dilation of a full product system E ⊙ to a full Hilbert B-module E is a family of unitaries We see that left dilations relate full product systems to E 0 -semigroups, while right dilations of faithful product systems are synonymous with nondegenerate faithful representations.
An E 0 -semigroup ϑ on B a (E) with E a full Hilbert B-module give rise to a full product system E ⊙ of B-correspondences and a left dilation v t such that ϑ = ϑ v ; see [Ske02, Ske09d, Ske09c] . Two E 0 -semigroups on the same B a (E) have isomorphic product systems if an only if they are cocycle conjugate; see [Ske02] . In [Ske09a, Ske09c] we extended this to E 0 -semigroups acting on different B a (E) provided the two E are countably generated and over Ske09c] ). In Skeide [Ske07] , we have constructed for every continuous product system of correspondences over a unital C * -algebra B a continuous left dilation, that is, it is the product system of a strongly continuous E 0 -semigroup. This dilation is to a countably generated E, if the product system is countably generated. Also this we generalized to σ-unital B in [Ske09c] . [a] Combining all this, under the stated countability assumptions in [Ske03a, Ske08, Ske06b] .) Nevertheless, the question whether a product system admits a faithful nondegenerate representation is of independent interest. In Section 3 we give some applications. We prove a result about embedding faithful E 0 -semigroups into inner automorphism groups (which provides an analogue for C * -algebras of a result by Arveson and Kishimoto for von Neumann algebras). And we prove existence of elementary dilations for (semi-)faithful CP-semigroups.
Technically, these notes where we show that every faithful product system admits a right dilation, is very similar to Skeide [Ske07] , where we constructed a left dilation for every continuous product system of correspondences over a unital C * -algebra. In cases where the results are just analogues of statements in [Ske07] with analogue proofs (Propositions 2.5 -2.8), we do not repeat these proofs. Proposition 2.3 and its corollary, instead, are technically more involved (mainly, because we consider sections in spaces that are tensor products), and require new ideas.
In principle, the reader who is interested only in the proof of the statement, may now pass immediately to Theorem 1.2 and, then, proceed to Section 2. But we wish to clarify, why such a strange statement like Theorem 1.2 is the natural starting point for the construction of a right dilation, knowing the successful strategy for constructing a left dilation. The balance of this introduction is dedicated to this motivation.
• • •
[a] We use the occasion to mention that the proof in [Ske07, Proposition 4.9] that the product system of the constructed E 0 -semigroup has the same continuous structure as the original product system, has a gap. This gap is fixed in [Ske09c] . For instance, in Skeide [Ske06a] we constructed a left and right dilation for every Arveson E ⊗ = E t t∈R + system by starting with a left and right dilation, respectively, of the discrete subsystem E t t∈N 0 of E ⊗ , and "blowing it up" suitably. As already mentioned, there is not really a difference between left and right, here. It is, however, important to note that the input, a dilation of the discrete subsystem, can easily be obtained by choosing a unit vector ζ 1 ∈ E 1 .
In [Arv06] , Arveson constructed a right dilation, which turned out to be unitarily equivalent to ours; see Skeide [Ske06c] . In order to construct that right dilation, also Arveson fixes a unit
, that is, of locally square integrable sections x : α → x α ∈ E α , that fulfill x α+1 = x α ζ 1 for all sufficiently big α. He equips this space with a semiinner product x, y := T +1 T x α , y α dα (which does not depend on T for all sufficiently big T ). On the quotient Hilbert space the product system acts simply by "multiplication" (that is, tensor product) from the left.
The same construction works for left dilations. We simply start with the space of left stable sections (that is, x α+1 = ζ 1 x α for all sufficiently big α), on which the product system acts by "multiplication" from the right. This construction of a left dilation also works for Hilbert modules as soon as we have a unit vector ζ 1 ∈ E 1 (that is, a vector that fulfills ζ 1 , ζ 1 = 1 ∈ B), because then the semiinner product Nothing like this is possible for right dilations in the module case: Since x α ⊙ ζ 1 , y α ⊙ ζ 1 = ζ 1 , x α , y α ζ 1 , the semiinner product
T x α , y α dα of right stable sections will depend on T , unless ζ 1 is a unit vector that commutes with all elements in B.
The solution to our becomes clear, if we recall that the unit vector corresponds to the construction of a certain left dilation of the discrete subsystem E t t∈N 0 of E ⊙ . In the construction of a right dilation, dual to the construction of a left dilation, that unit vector must be a unit vector in the commutant E ′ 1 of E 1 , rather than in E 1 . The construction of the commutant of a correspondence E 1 over B is possible, as soon as we assume that B ⊂ B(G) is a concrete C * -algebra of operators acting nondegenerately on a Hilbert space G: Define the correspondence
1.1 Remark. On H 1 we have an action of the von Neumann algebra 
Proof. Under the same hypothesis, in [Ske09d, Theorem 8.3] (first [Hir05] for the case when E is also full) we have shown that E admits a faithful nondegenerate representation. That is, there exists a faithful nondegenerate representation π : B → B(G) and a map η : E → B(G)
such that 
The construction
the set of continuous sections of E ⊙ (with respect to i). We say E ⊙ is continuous (with respect to i), if the following conditions are satisfied.
1. For every y t ∈ E t we can find a continuous section x ∈ CS i (E ⊙ ) such that x t = y t .
2. For every pair x, y ∈ CS i (E ⊙ ) of continuous sections the function
is continuous.
We say two embeddings i and i ′ have the same continuous structure,
This is [Ske03b, Definition 7.1] except that B need not be unital. It is motivated by the fact that every product system of a strictly continuous E 0 -semigroup acting on the operators of a Hilbert module fulfills these requirements. Condition 1 may be replaced with the weaker condition that for every t ∈ R + the set {x t : x ∈ CS i (E ⊙ )} is total in E t . Condition 2 may be replaced with the weaker condition that for all b ∈ B with x ∈ CS i (E ⊙ ) also the section bx := bx t t∈R + is in CS i (E ⊙ ) and that the function (s, t) → z, i s+t (x s y t ) is continuous for every z ∈ E and every pair x, y ∈ CS i (E ⊙ ). See [Ske03b, Ske07] for details.
Throughout the balance of this section we shall suppose that E ⊙ is faithful and that B ⊂ B(G) is given as a concrete C * -algebra of operators via the representation guaranteed by Theorem 1.2 for the correspondence E = E 1 .
For each t ∈ R + we put H t := E t ⊙ G. For all s, t ∈ R + an element x s ∈ E s has an action The sections h of E ⊙ ⊙ G we shall consider, will fulfill
for all sufficiently big α. But, before we proceed we need to specify some properties of the relevant direct integrals.
First of all, we note that the embeddings i t : E t → E give rise to embeddings H t → H := E ⊙ G, also denoted by i t , defined by x t ⊙ g → (i t x t ) ⊙ g. We, therefore, may speak about continuous sections h = h t t∈R + of E ⊙ ⊙ G, in the sense that t → i t h t is continuous. We denote the set of all continuous sections of E ⊙ ⊙G by CS i (E ⊙ ⊙G). Obviously, whenever x, y ∈ CS i (E ⊙ ) and g ∈ G, then the functions t → i t x t ⊙g and (s, t) → i s+t (x s y t )⊙g are continuous. The following properties are less obvious.
Proposition. Every continuous section h ∈ CS i (E ⊙ ⊙ G) may be approximated locally uni-
formly by elements in span CS i (E ⊙ ) ⊙ G. Moreover:
For every k t ∈ H t we can find a continuous section h ∈ CS i (E
⊙ ⊙ G) such that h t = k t .
For every pair x ∈ CS i (E ⊙ ) and h ∈ CS i (E ⊙ ⊙ G) of continuous sections the function
Proof. The proof of (1) 
Now let h ∈ CS i (E
From these properties, one easily verifies that
(2) follows now by three epsilons, approximating h t with an element in span CS i (E ⊙ ) ⊙ G on a suitably big interval.
Corollary. If h : t → h t is a continuous section, then the shifted section
is continuous for t ≥ 1.
Proof. By Proposition 2.3 the elements in span CS
formly. So, it is enough to show the statement for sections of the form
. Again by Proposition 2.3 there is a section h ∈ CS i (E ⊙ ⊙G) such that h 1 = ζ ′ 1 g. Once more, by Proposition 2.3 we may choose h t = ∞ n=1 y n t ⊙ g n (limit locally uniformly in t) for sequences y n ∈ CS i (E ⊙ ) and g n ∈ G. Then
x t y n 1 ⊙ g n locally uniformly in t ≥ 0. All t → x t y n 1 ⊙ g n are continuous locally uniformly, so that also t → ζ ′ 1 (x t ⊙ g) is locally uniformly continuous.
In the sequel, for a section h of E ⊙ ⊙ G we shall denote h(t) :
H α dα we understand the norm completion of the pre-Hilbert space that consists of
Note that all continuous sections are bounded on the compact interval [a, b] and, therefore, square integrable.
In order to see that (later on, in Proposition 2.6) we will have enough sections fulfilling the stability condition in ( * * ), it is necessary to convince ourselves that 
If h is in CS
Observe that on H we have a canonical representation of B that acts simply pointwise on sections. (This representation is faithful, because E ⊙ is faithful. Nondegeneracy we see in a minute.) It is now completely plain to see that for every t ∈ R + the map x t ⊙ h → x t h, where
defines an isometry w t : E t ⊙ H → H, and that these isometries iterate associatively as required for a right dilation.
The following proposition may be proved as [Ske07, Proposition 4.6]. The arguments are similar to those used to show the statement about density in Proposition 2.3. Actually, the proof is simpler, because thanks to Proposition 2.5 we need not worry to obtain an approximation by continuous sections. Thus, it is not necessary to involve partitions of unity.
Proposition. Each w t is surjective. In particular, for t = 0 this means that the canonical representation of B = E 0 on H is nondegenerate, so that H is a correspondence from B to C.
As in [Ske07, Proposition 4.6] we show:
Proposition. The w t are continuous in the sense that for every continuous section x ∈

CS i (E ⊙ ) and every h ∈ H the function t → x t h is continuous.
We are now in a position to prove the main result of these notes. Proof. It is clear from the preceding propositions that if E ⊙ is faithful and continuous, then the w t form a continuous right dilation. So, the representation η w t is faithful, nondegenerate and continuous in the sense that t → η w t (x t ) is strongly continuous for every continuous section
If E is just an algebraic product system, then everything is much easier. (Simply, instead of b a H α dα use direct sums. All the technical Propositions 2.3, 2.5, 2.6, 2.7, 2.8 and Corollary 2.4
are superfluous, and we obtain a right dilation that, definitely, is not continuous.)
2.10 Remark. The condition to be faithful is also necessary for a product system to admit a faithful nondegenerate representation η. Indeed, suppose there is a t ∈ R + such that bx t = 0 for
As η t is nondegenerate, this implies η 0 (b) = 0 and as η is faithful, this implies b = 0. 
Applications
In this section we discuss two applications of Theorem 2.9. One is a C * -version of a theorem due to Arveson and Kishimoto, the other an existence result for a certain type of dilation of CP-semigroups. 
Proof. Suppose we have a left dilation v t : E ⊙ E t → E and a right dilation w t : E t ⊙ H → H of a product system E ⊙ . Then, by setting u t := (v t ⊙ id H )(id E ⊙w * t ), which acts as x ⊙ y t h → xy t ⊙ h (note that this is nontrivial!), we define a unitary semigroup u t on K := E ⊙ H. Moreover, we recover the E 0 -semigroup ϑ v on B a (E) by restricting u t • u * t to B a (E) ⊙ id H . So, our job is to recover ϑ as ϑ v from a left dilation of a product system (mentioned in the introduction), to construct a right dilation (Theorem 2.9), and to show that the corresponding semigroup u is sufficiently continuous.
Suppose the E 0 -semigroup ϑ acts on a Hilbert B-module E with a unit vector ξ. (Otherwise, by [Ske09d, Lemma 3.2] there is a natural number n such that E n has a unit vector. We may pass to the inflation of ϑ to an E 0 -semigroup on
Section 7], we obtain a continuous product system E ⊙ and a left dilation of E ⊙ that gives back ϑ, in the following way. Put E t := ϑ t (ξξ * )E, equip E t with the left action bx t := ϑ t (ξbξ * )x t of B, and define v t : x ⊙ y t → ϑ t (xξ * )y t . Then x s y t := v t (x s ⊙ y t ) defines a product system structure on E ⊙ = E t t∈R + and the v t define a left dilation of E ⊙ to E giving back ϑ = ϑ v .
Moreover, choosing for i t the canonical embedding of the submodule E t of E into E, we turn E ⊙ into a continuous product system. Note that the left dilation is continuous in the sense that t → xy t = ϑ t (xξ * )y t = ϑ t (xξ * )i t y t for every continuous section y.
Since E is full and ϑ t is faithful, E t is faithful. For w t we choose the right dilation from Theorem 2.9.
The proof of continuity of u t is quite standard following similar proofs in [Ske03b, Ske07] :
As the family u t is bounded uniformly, it is sufficient to check strong continuity on the total subset of K formed by all x ⊙ h. Let ζ denote a continuous section of unit vectors with ζ 0 = 1, as granted by [Ske07, Lemma 3.2]. Then for all sufficiently small t, the elements ζ t h are close to h and, therefore, the elements x ⊙ ζ t h are close to x ⊙ h. Similarly, xζ t is close to x and, therefore, also xζ t ⊙ h is close to x ⊙ h. We find that
is close to 0. 
Proof. ϑ extends from B = K(B) to a strict E 0 -semigroup on B a (B). Proof. Recall that a unit for a product system E ⊙ of correspondences E t over a unital C * -algebra B is a family ξ ⊙ = ξ t of elements ξ t ∈ E t that factors as ξ s+t = ξ s ξ t with ξ 0 = 1. 3.6 Remark. For a CP-semigroup T on B, the proof of Theorem 3.4 starts with the construction from [BS00] of a product system E ⊙ of B-correspondences and a unit ξ ⊙ for that product system. Then Theorem 2.9 is applied to that product system E ⊙ providing a representation of E ⊙ . In the case of a normal CP-semigroup on a von Neumann algebra B, also Muhly and Solel [MS02] construct a product system and, then, a representation of that product system.
We would like to emphasize that the product system constructed in [MS02] is E ′⊙ , the commutant of E ⊙ (see [Ske03a, Ske08] ). The construction in [MS02] of a representation (that is, of a right dilation) of E ′⊙ is equivalent (via commutant) to the older construction in [BS00] of an E 0 -semigroup (that is, a left dilation) for E ⊙ based on the unit ξ ⊙ . The construction of an E 0 -semigroup from a unit is much easier than the general result in [Ske07] without unit. It has nothing to do with our representation in Theorem 2.9.
3.7 Remark. We would like to mention that, after the first version of these notes, in Skeide [Ske09c] we constructed a continuous product system with a continuous left dilation for a strongly continuous E 0 -semigroup on B a (E), where E may be a full Hilbert module over a σ-unital C * -algebra B, or any Hilbert module E over an arbitrary C * -algebra as long as E ∞ contains a direct summand B. Theorem 3.1 holds under these conditions, too.
